We give some characterizations of the rectifying curves in the dual space and show that rectifying dual space curves can be stated with the aid of dual unit spherical curves. Thus, we have a link between rectifying dual space curves and classical surfaces in the Euclidean three-space.
Introduction
In the Euclidean three-space R 3 , lines combined with one of their two directions can be represented by unit dual vectors over the ring of dual numbers. The most important properties of real vector analysis are valid for the dual vectors. The oriented lines in R 3 are in one-to-one correspondence with the points of a dual unit sphere. A dual point on dual unit sphere in D 3 corresponds to a line in R 3 and two different points on D 3 represent two skew-lines in R 3 in general. A differentiable curve on dual unit sphere in D 3 represents a ruled surface in R 3 (see [4, 5] ).
A curve in R 3 whose position vector always lies in its rectifying plane is called a rectifying curve. A useful method of determining rectifying curves in the Euclidean three-space R 3 has been developed by Chen [1] . He shows that it can be possible to determine completely all rectifying curves in R 3 .
Chen and Dillen [2] find a relationship between rectifying curves and the centrodes given by the endpoints of the Darboux vectors of a space curve and playing an important role in mechanics. The centrode of a space curve with constant curvature and nonconstant torsion is a rectifying curve and vice versa. Moreover, there exists an inequality for the geodesic curvature of the central projection of a space curve into a unit sphere where equality holds exactly for a rectifying curve.
In this paper, by using the method in [1] , we have characterizations of rectifying curves in the dual space D 3 . In section 2, we characterize rectifying dual space curves with respect to the distance function, the components of the position vector and harmonic curvature of dual space curve. In the last section, we show that rectifying dual space curves can be stated with the aid of dual unit spherical curves.
Therefore, this work gives a link with the classical surface theory since a differentiable curve on the dual unit sphere corresponds to a ruled surface in R 3 .
Preliminaries
By a dual numberx, we mean an ordered pair of the form (x, x * ) for all x, x * ∈ R. Let the set R × R be denoted as D. Two inner operations and an equality on D = { (x, x * ) | x, x * ∈ R } are defined as follows:
is called the addition in D.
(ii)
:
is called the multiplication in D.
(iii) If x = y, x * = y * forx = (x, x * ),ŷ = (y, y * ) ∈ D,x andŷ are equal, and it is indicated asx =ŷ.
If the operations of addition, multiplication and equality on the set D = R × R with set of real numbers R are defined as above, the set D is called the dual numbers system and the element (x, x * ) of D is called a dual number. In a dual number x = (x, x * ) ∈ D, the real number x is called the real part ofx and the real number x * is called the dual part ofx. The dual number (1, 0) = 1 is called unit element of multiplication operation in D or real unit in D. The dual number (0, 1) is to be denoted with ε in short, and the (0, 1) = ε is to be called dual unit. In accordance with the definition of the operation of multiplication, it can easily be seen that ε 2 = 0. Also, the dual numberx = (x, x * ) ∈ D can be written asx = x + εx * (see [6, 7] ).
The set of D = {x = x + εx * | x, x * ∈ R} of dual numbers is a commutative ring according to the operations (i) (x + εx * ) + (y + εy * ) = (x + y) + ε(x * + y * ), (ii) (x + εx * )(y + εy * ) = xy + ε(xy * + yx * ).
The dual numberx = x + εx * divided by the dual numberŷ = y + εy * provided y = 0 can be defined asx
The set of
is a module on the ring D. For any
, the scalar or inner product and the vector product of x and ŷ are defined by, respectively,
A dual vector x with norm 1 is called a dual unit vector. Let
is called the dual unit sphere with the centerÔ in D 3 .
If every x i (t) and x * i (t), 1 ≤ i ≤ 3, real valued functions, are differentiable, the dual space curvê
where t is a unit tangent vector of − − → x(t). From now on we will take the arc length s of − − → x(t) as the parameter instead of t. Now we will obtain equations relative to the derivatives of dual Frenet vectors throughout the curve in D 3 . Let
be a C 4 curve with the arc length parameter s of the indicatrix. Then,
With the aid of equation (1), we havê
and from this dŝ ds = 1 + ε , where the prime denotes differentiation with respect to the arc length s of indicatrix and = t,
− → x * . Since t has constant length 1, its differentiation with respect toŝ, which is given by 
whereκ = κ + εκ * is nowhere pure dual curvature andτ = τ + ετ * is nowhere pure dual torsion. The formulae (2) are called the Frenet formulae (see [6] ). The planes spanned by { t , b }, { t , n}, and { n, b } at each point of the dual space curve are called the rectifying plane, the osculating plane, and the normal plane, respectively.
Since the position vector of a rectifying dual space curve lies in the rectifying plane of the curve, the position vector can be written as
for some dual functionsλ(s) andμ(s).
Some characterizations of rectifying curves in D 3
Now we characterize rectifying curves in dual space D 3 .
Theorem 2.1. Letx : I → D 3 be a rectifying curve in dual space D 3 withκ = κ+εκ * such that κ > 0 and letŝ be dual arc length of the dual space curvex. Then the following statements are valid:
(ii) The tangential component of the position vector of the dual space curve is given by
wherek is a dual constant. 
Thus we have proved statement (ii). Now, if we take the derivative of
with respect to the dual arc length functionŝ and use equation (5), we find
whereĉ 1 andĉ 2 are dual constants. Hence, statement (i) is obtained. From equation (3) it is clear that the normal componentx N of the position vector of the dual space curve is given by equation
Here, sinceμ(s) is a dual constant, we get that the normal componentx N of the position vector of the dual space curve has a dual constant length. Thus, statement (iii) is proved.
And finally, from the dual constancy ofμ, the fact that κ > 0, the relation λ(s) =ŝ +k, and the second equation of (4) we have statement (iv).
Conversely, assume that statement (i) or statement (ii) holds. Then, we have − − → x(s), Now, suppose that statement (iii) holds. Then, we have
whereĉ is a dual constant. Differentiation of this equation with respect toŝ shows that − − → x(s),
On the other hand, since the distance functionρ is a nonconstant, we get − − → x(s), − − → t(s) = 0. Moreover, from equation (6) and the assumption that κ > 0, we obtain − − → x(s), − − → n(s) = 0, which means thatx is a rectifying dual space curve. Finally, if statement (iv) holds, then by using Frenet equations (2), we easily obtain that the dual space curvex is a rectifying dual space curve. (2). This motion consists of an instantaneous translation alongx and an instantaneous rotation aboutx. Then, the instantaneous rotation is determined by an angular velocity vector given by dual Darboux vector
The direction of the dual Darboux vector is that of the instantaneous axis of rotation. Dual Darboux rotation of dual Frenet frame can be separated into two rotation motions (see [3] ):
Dual tangent vector − − → t(s) rotates with aκ angular speed round the dual binormal vector
and the dual binormal vector − − → b(s) rotates with aτ angular speed round the dual tangent vector
From the application of the second equation of (4), we know that the position dual vector of a rectifying dual space curve is always in the direction of the dual Darboux vector. Therefore, rectifying dual space curves can be interpreted kinematically as those dual space curves whose position dual vector field determines the axis of instantaneous rotation at each point of the dual space curve.
In the next theorem, for rectifying dual space curves we get a characterization in terms of the harmonic curvatureτ κ . Conversely, let us suppose that the harmonic curvatureτ κ is a nonconstant linear function such thatτ κ =ĉ 1ŝ +ĉ 2 , whereĉ 1 ,ĉ 2 ∈ D andĉ 1 is nowhere pure dual. If we takeâ = 1 c 1 andk =âĉ 2 , then we getτ κ =ŝ +k a . Thus, by using Frenet equations (2), we find that d dŝ
which means that the dual space curvex is congruent to a rectifying dual space curve.
Classification of rectifying dual space curves
Now we give a theorem determining the parameterization of a unit speed rectifying curve in D 3 .
Theorem 3.1. Letx : I → D 3 be a dual space curve withκ = κ + εκ * such that κ > 0. Then, the dual space curvex is a rectifying dual space curve if and only if, up to parameterization,x is given bŷ
whereâ = a + εa * ( a > 0) is a dual number andŷ =ŷ(t) a dual unit speed curve in S 2 .
Proof. Let us suppose that the dual curvex is a rectifying dual space curve witĥ κ = κ + εκ * such that κ > 0 and thatx =x(s) is a dual unit speed curve. From Theorem 2.1 we know that the dual distance functionρ = − − → x(s) satisfiesρ 2 = s 2 +ĉ 1ŝ +ĉ 2 for some dual constantsĉ 1 andĉ 2 . After making a suitable translation in s, we obtainρ 2 =ŝ 2 +ĉ for some dual constantĉ = c + εc * , where c > 0. Therefore, we may chooseĉ =â 2 . Next, we define a dual space curve in the dual unit sphere S 2 byŷ =x ρ . Hence, we havex
If we take the derivative of equation (8) So,ŝ =â tant. By using this in (8), we have (7) . Conversely, ifx : I → D 3 is a dual space curve defined bŷ
for a dual numberâ = a + εa * (a > 0) and a dual unit speed curveŷ =ŷ(t) in S 2 , then we get dx(t) dt = (â sect) (tant)ŷ(t) + dŷ(t) dt .
Sinceŷ(t) and dŷ(t) dt are orthonormal vector fields, from (11) we find dx(t) dt =â sec 2t .
From equations (10), (11), and (12), we get
which shows that the normal componentx N of the position dual vector has constant length. Hence, from Theorem 2.1 it is seen thatx is a rectifying dual space curve.
We know that oriented lines in a Euclidean three-space R 3 may be represented by unit vectors with three components over the ring of dual numbers. A differentiable curve on the dual unit sphere depending on a real parameter v corresponds to a ruled surface in R 3 . This correspondence is one to one and allows the geometry of ruled surfaces to be represented by the geometry of dual spherical curves on a unit dual sphere. Dual spherical geometry, expressed with the aid of unit dual vectors, is closely analogous to real spherical geometry, expressed with the aid of unit real vectors. Therefore, the properties of elementary real spherical geometry can be carried over by analogy into the geometry of lines R 3 (see [4, 5] ).
In the light of all mentioned above, the following corollary gives a link between our work and the classical surface theory. 1 a costx(t)
corresponds to a ruled surface in R 3 .
